The dynamics of coherent structures near the wall of a turbulent boundary layer is investigated with the aim of a low-dimensional representation of its essential features. Based on a triple decomposition into mean, coherent and incoherent motion and a dynamic mode decomposition to recover statistical information about the incoherent part of the flow field, a driven linear system coupling first-and second-order moments of the coherent structures is derived and analysed. The transfer function for this system, evaluated for a wall-parallel plane, confirms a strong bias towards streamwise elongated structures, and is proposed as an 'impedance' boundary condition which replaces the bulk of the transport between the coherent velocity field and the coherent Reynolds stresses, thus acting as a wall model for large-eddy simulations (LES). It is interesting to note that the boundary condition is non-local in space and time. The extracted model is capable of reproducing the principal Reynolds stress components for the pretransitional, transitional and fully turbulent boundary layer.
This article is part of the themed issue 'Toward the development of high-fidelity models of wall turbulence at large Reynolds number'. decomposition (DMD) of a large-scale DNS database is used to extract phase-averaged (coherent) structures and their temporal dynamics.
We employ the triple decomposition, introduced by Reynolds & Hussain [6] , in which a turbulent field u is divided into a time-averaged (ū), a phase-averaged, coherent (ũ), and a random, incoherent (u ) component. The phase-averaged component is defined by the fact that the background turbulence is eliminated and only the organized motion is retained-mathematically expressed by u =ū +ũ where . denotes the phase-averaging operator. Relations resulting from this decomposition, which will prove advantageous in the derivation below, include u = 0, confirming the random nature of the background turbulence, andũw = ũw = 0, showing that the background turbulence w and the organized wave motionũ are statistically uncorrelated. In the above, the overbar-operator. indicates a longtime average.
We then start with the Navier-Stokes equations for incompressible flow with constant material properties and follow the derivation of Reynolds & Hussain [6, 7] . Assuming a steady state solutionū and subtracting the time-averaged momentum equations from the phase-averaged momentum equations, we arrive at an evolution equation governing the motion of the coherent structures (described byũ). This set of equations is driven by a term of the formr ij = u i u j − u i u j , which describes the coherent part of the Reynolds shear-stress tensor.
To further advance our analysis, we closely follow the work of Chung & McKeon [8] and next derive an evolution equation for the quantityr ij . To this end, we determine an evolution equation for the fluctuations u i by subtracting the equation for the coherent motion from the original Navier-Stokes equations, which is followed by a multiplication by u j . The resulting equation for u i u j is then phase-and time-averaged and the desired evolution equation forr ij is obtained by subtracting the respective averaged equations. This equation forr ij is rather unwieldy, and further assumptions are employed to reduce it in complexity and to adapt it to wall-bounded shear flows.
We first separate the linear terms from the nonlinear terms and consider the latter terms, together with unclosed expressions (triple averages), as a generic driving term of the linear evolution equation forr ij . This separation precedes our ignoring the driving term, because we are principally interested in the parts ofr ij responding to the coherent motionũ i . This procedural (linearization) step can further be justified by recalling the fact that the portion ofr ij which responds to a vanishing nonlinear driving term is uncorrelated toũ i .
Further simplifications can be made by invoking boundary-layer assumptions, thus tailoring our analysis to the near-wall region of turbulent flows. In particular, the standard observation of the streamwise velocity component dominating over the velocity components along the remaining coordinate directions, together with its predominant variation in the wall-normal direction, yields u = u(y) and {v, w} = 0. Furthermore, the principal components of the mean shear stresses, generated by the fluctuating small scales are given by {u u , v v , w w , u v }, while the velocity cross correlations with the spanwise velocity component are negligible, i.e. u w , v w ≈ 0. Moreover, derivatives in the streamwise and spanwise directions are negligible compared with the derivative in the wall-normal direction, {∂/∂x, ∂/∂z} ∂/∂y.
Finally, we exploit the homogeneous, wall-parallel coordinate directions and introduce a Fourier transform in the streamwise and spanwise directions; this will introduce the respective streamwise wavenumber α and the spanwise wavenumber β which parametrize our problem. The wavenumber modulus k is defined by k 2 = α 2 + β 2 . A dependence on the wall-normal coordinate direction y remains in the problem; differentiation with respect to y is denoted by the symbol d.
With these assumptions and approximations in place, we can then write a coupled linear evolution equation for the Fourier-transformed velocity componentsû,v,ŵ (with. indicating Fourier-transformed variables) and retained correlation componentsr uu ,r vv ,r ww ,r uv ,r uw ,r vw . Note that applying the Fourier transform tacitly assumes the flow to be parallel in the streamwise and spanwise directions. Although this assumption does not strictly hold in a global sense due to the spatial growth of the boundary layer, it is a common and generally accepted approximation for the case when the non-parallelism of the boundary layer is negligible. We then arrive at a coupled system of equations governing the temporal evolution of first-and second-moments of the coherent structures. It reads
where the system matrices are given as
and 
and the state vectors U and R are defined as
The symbol ⊗ stands for the Kronecker product. The driving term F contains the nonlinear interactions of coherent structures, about their temporal averages, and physically describes the self-advection of organized velocity fields. In anticipation of a dynamic link between the coherent velocity field U and the coherent part of the shear stresses R, we concentrate on a subsystem of (2.1), namely the system described by the system matrices C and D. Before proceeding, we would like to re-emphasize that, in the analysis that follows, we neglect third-order moments; under this assumption, the right-hand side of the subsystem described by (C, D) is identically zero.
Extracting coherence structures from direct numerical simulation data
The subsystem consisting of C and D is not closed, as the entries of C depend on averages of the fluctuation correlations. Before proceeding with our analysis, we have to determine the various components of u i u j that enter this matrix. To this end, we use simulations of Sayadi et al. [9] [10] [11] to extract structures close to the wall for a turbulent boundary layer. Recalling the triple decomposition employed above, the near-wall coherent structures (indicated by the. ) are given by the phase-averaged part of the flow fields [12] . In general, phaseaveraging requires a rather long sequence of snapshots to combat spectral leakage. By contrast, we employ DMD (see Schmid [13, 14] , Rowley [15, 16] , Mezic [17] ) to extract the pertinent information from only a limited number of snapshots. Hence, the contribution of each dynamic mode to the Reynolds shear stress can be viewed as the contribution of coherent motion from a specific phaseaveraged structure. No particular period needs to be specified for the phase-averaging; rather, the decomposition of a snapshot sequence into its single-frequency components, together with the DMD spectrum, furnishes a breakdown of the flow fields into phase-averaged structures.
DMD is applied to the velocity components of the flow within the entire computational domain, spanning the pre-transitional to the fully developed turbulent regime. The Reynolds number Re θ , in the case of the H-type transition, ranges from 200 to 1410. One hundred, temporally equispaced snapshots are gathered for the analysis, and the wall-normal axis extends up to y + = 140. For the DMD, no Fourier transform in the spanwise direction has been exploited, as the extracted structures are expected to contain multiple spanwise wavenumbers, as previously observed in [18] . Owing to the exceedingly large number of degrees of freedom, the parallel version of the DMD, as introduced and described in Sayadi and colleagues [19] , had to be used to extract the coherent structures. Postprocessing based on sparsity promotion (see Jovanovic et al. [20] ) has been applied to isolate relevant structures from transient artefacts. The DMD extracts spatial structures with a single temporal frequency ω. Following our earlier set-up, the isolated frequencies are rendered non-dimensional by the viscosity ν and the square of the freestream velocity, U 2 ∞ . The two most dominant modes of (nearly real) frequencies ω = 0.066 and ω = 0.1222 are selected, and the resulting coherent structures are presented in figure 1a at the wall normal distance of y + = 25. The two modes capture the observed structures in the pretransitional regime (2 x 4.5), as well as the transitional (4.5 x 6) and turbulent (x 6). The 
Transfer behaviour and input-output analysis
With the entries of the C-matrix established, we are now in a position to analyse the transfer behaviour of the subsystem
that relates the coherent part of the three-component velocity field U to the coherent part of the six shear stress tensor components R. The response of this linear system to time-harmonic forcing by the U-equation can be expressed formally as
where the subscript p denotes the spatial part of the time-harmonic forcing or response, i.e. {U, R} = {U p , R p } exp(iωt). The maximum response, optimized over all possible forcing shapes U p , is then given by the resolvent norm (or transfer function norm)
In anticipation of a sought-after relation between the coherent velocity and stress components in a given plane that subsequently will act as an 'impedance' boundary conditions and replace the near-wall dynamics, we introduce two additional matrices P in , P out that select and restrict the input/output variables. The modified response to harmonic forcing can thus be written as
By judiciously choosing the entries in P in,out we can probe the relative importance of input-output combinations that yield the largest gain. To this end, we compute the frequency response in each of the six stress components from forcing by each of the three velocity components. The results, displayed in the ∞-norm over the frequency and spatial wavenumbers, is shown in table 1. The table clearly shows preferred input-output pairs that cause a marked response in the stress components from a harmonic forcing by a coherent velocity field. In what follows, we will concentrate on thev →r uu link and determine the preferred structures responsible for the bulk of the energy transfer from velocity to stress component. We wish to point out, however, that specific stress components do not enter the shear stress transport equation proportionally, but rather as gradients; for this reason, the true weighting of the various stress components in the SGS model needs to be assessed accordingly.
The norm of the transfer function, weighted by the wavenumbers, i.e. αβ P out (iωI − D) −1 CP in , is displayed in figure 2 . It shows a clear dominance in the α-β-plane, favouring fluid elements that are strongly elongated in the streamwise direction. The peak of the transfer function norm suggests a strong amplification of structures with a spatial aspect ratio (streamwise over spanwise extent) of about 50. This favouring of elongated structures can also be observed for the frequencies of higher dynamic modes and appears to be a robust feature of the transfer function.
From the transfer function to a wall model
The transfer function, with its norm in the wavenumber plane displayed in figure 2 , establishes a mapping between the coherent part of the velocity field, which is provided by the LES in the wall-parallel plane (y + = 25), and the coherent part of the stress tensor components, which are incorporated into the SGS model. As this mapping is based on governing equations that, based Figure 3 . Implementing the 'impedance' boundary condition.
LES wall model {r
on a triple decomposition and a low-dimensional dynamic mode representation, capture the nearwall dynamics, we can replace the motion of coherent wall-structures by this mapping in form of an 'impedance' boundary condition. The implementation of the boundary condition then proceeds as follows (see figure 3 for a sketch). The resolved, coherent motion calculated above y + = 25 by the LES is evaluated in the wall-parallel plane and Fourier transformed in the streamwise and spanwise coordinate directions. The resulting two-dimensional vector field is then multiplied by the transfer function resulting in the components of stress tensor components; a final inverse Fourier transform produces the input to the SGS model of the LES.
It is interesting to note that the multiplication by the transfer function (a non-polynomial function in the wavenumbers and frequency) in spectral space is equivalent to imposing a spatiotemporally non-local boundary condition in physical space. This is a familiar procedure when employing radiation/Sommerfeld boundary conditions for wave-propagation problems, where it is also known as the Dirichlet-to-Neumann map. While in that case we impose a mapping between flow variables and their normal derivative, in our case we impose a mapping between the first and second moment of the flow variables.
Dependence on direct numerical simulation data and a link to resolvent analysis
The procedural steps to determine the transfer function, from which we implement an 'impedance' boundary condition, involves a low-dimensional representation of the near-wall dynamics which we extracted from DNS data via a DMD. This latter decomposition has come at considerable computational expense, as we processed the entire boundary layer ranging from the pre-transitional stage to the fully developed turbulent regime. The replacement of the nearwall dynamics for LES applications thus relies on a costly direct numerical simulation followed by an equally costly decomposition. We like to stress, however, that a low-dimensional two-mode representation of the near-wall dynamics has correctly reproduced the main features of the principal coherent stress component, as illustrated in figure 1b-d. The close agreement between modal reconstruction and the DNS across all three flow regimes, using the amplitudes and frequencies of the global decomposition, points towards an underlying structure that accurately describes the near-wall dynamics across a considerable Reynolds number range. A similar behaviour has been observed in the transitional boundary layer [18] . This further suggests that this feature can be exploited computationally by extracting pertinent information about the near-wall dynamics from a far more localized snapshot sequence than has been attempted in this study. Further investigations into this issue will be part of ongoing work.
A low-dimensional description of the near-wall dynamics for turbulent flows has also been developed using a resolvent framework (McKeon & Sharma [21] , Sharma & McKeon [22] ). In this case, the principal singular vectors of the periodically driven, linearized Navier-Stokes equations (linearized about a turbulent mean profile) are used to represent the coherent motion near the wall. Low-dimensional models for the near-wall motion, based on a low-rank description of the frequency response, a concentration on the most amplified, homogeneous spatial scales and the use of a critical-layer framework, has produced highly accurate representations of the coherent turbulent motion in wall-bounded shear flows. Because only the mean flow enters the description of the linear, amplifying dynamics, appropriate scalings with the Reynolds number carry over to the amplification behaviour of the resolvent model [23] . For example, the gain factor curves of the linearized, driven Navier-Stokes operator have been found to collapse for a range of Reynolds numbers spanning six decades, when scaled appropriately. A detailed study exploring the commonalities between the above DMD-based approach and the resolvent-based framework, including the exploitation of Reynolds number scalings, is currently underway.
Summary and conclusion
The near-wall dynamics of turbulent fluid flows requires significant numerical resources that brings the overall computational expense near the cost of a full direct numerical simulation. For this reason, LES rely on a wall-modelled (rather than wall-resolved) approach, whereby the nearwall dynamics is approximated by a low-dimensional and computationally inexpensive model. The realization that the near-wall dynamics is governed by highly coherent structures [12, 24, 25] and can thus be expressed low-dimensionally has fuelled the design and analysis of compact wallmodels for LES. In particular, models based on system and control theory have shown promise. In these models, technique from optimal control theory and optimization have been employed to tailor the response behaviour of a low-dimensional dynamical system to the observed dynamics of near-wall motion.
Following a system-theoretic approach, a driven dynamical system has been derived from a triple decomposition of the flow field. It describes the response of the coherent stress tensor components to forcing by the coherent velocity components. Approximations of linearity, typical boundary layer scalings and harmonic input, have resulted in a transfer function description of the near-wall dynamics. The entries in the driving matrix, consisting of various averages over the fluctuating fields, have been extracted from DNS data via a DMD. Furthermore, the transfer function has been limited to a wall-parallel plane where it describes the mapping of coherent velocity components to coherent stress tensor components. Our analysis shows a clear preference of spatial scales, favouring structures that are strongly elongated in the streamwise direction-in accordance with observations of the near-wall coherent structures.
The transfer function for the wall-parallel plane can be used and implemented as an 'impedance' boundary condition providing a link between resolved, coherent fluid elements (computed above the wall-parallel plane) and the shear-stress components (entering the LES SGS model). While this study has used extensive computational resources to arrive at this boundary condition, our analysis has shown that only limited (and less costly) information from subdomains are necessary to accurately describe the input-output behaviour in the wall-parallel plane. Furthermore, the close link with resolvent analysis [21, 22] suggests a possible scaling of the boundary condition to higher Reynolds numbers. An assessment of the effectiveness of our approach, the establishment of a link to resolvent models, and a computationally efficient scale-up to higher Reynolds numbers will be part of an ongoing study.
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